The frequencies of long-wavelength spin waves in random magnets are studied through their relation to the static magnetic elastic constants A, the domain-wall stiffness, and (for antiferromagnets) χ ⊥ , the perpendicular susceptibility. We treat the classical limit of large spin and low temperature. In the case of random dilution A and χ ⊥ are evaluated numerically as a function of magnetic concentration p for common lattices. Exact analytic results for the static susceptibility, χ(q), where q is the wave vector, are given for some models of disorder in one dimension and, for higher dimensionality, in the limit of low concentrations of vacancies. One general conclusion is that local fluctuations in the spin magnitude significantly affect χ ⊥ , causing it to diverge for isotropic random systems in two or fewer dimensions. If critical exponents are defined for p→p c by A~|p−p c | σ , χ ⊥~| p−p c | −τ , P~|p−p c | β , and ξ~|p−p c | −ν , where p c is the percolation threshold, P is the percolation probability, and ξ is the correlation length, then our numerical results in three dimensions yield σ=1.6±0.1 and τ=0.5±0.2. A simple physical argument shows that τ≥σ−β+(2−d)ν. Our data are consistent with the possibility that this is an equality. Using mean-field-theory values for the exponents in this relation leads to a critical dimensionality d c =6. We study p c , A, and χ ⊥ in diluted YIG and mixed garnets and give a detailed discussion of the regime near angular momentum compensation, where a low-frequency optical mode with both ω∝q and ω∝q 2 regimes occurs. Our work contradicts the common assumption of a concentration-independent relationship between T c and A or D, the spin-wave stiffness. We also present nonlinear calculations which allow us to study the dependence of χ ⊥ on magnetic field. Our calculations agree with the experimental results on diluted KMnF 3 and K 2 MnF 4 and show that the observed nonlinearity is largely the result of local ferrimagnetic fluctuations. A novel configuration for elastic neutron scattering in the presence of a transverse magnetic field is proposed to permit direct observation of the magnitude and characteristic length scale of these fluctuations. 
I. INTRODUCTION This study has been motivated by recent accurate experimental measurements of the static anddynamic properties of magnetic alloys in which the microscopic interactions between spins are well known from previous studies of the pure substances.
Examples of such work are the measurements of the susceptibility and Neel temperature by Breed and co-workers ' ' on KMnF» a three-dimensional (3D) antiferromagnet (AF), and on K,MnF"a 2D AF, when a fraction 1-P of Mn 
"
We first give a general framework for discussing low-energy excitations in terms of static magnetic response functions. Some of this material can be found in various places in the literature. We collect it here for consistency in notation, and for use in the later sections. Microscopic expressions for the evaluation of these response functions for classical spin systems at zero temperature are then derived in the context of a specific modelof disorder. Some exact analytic results for disordered onedimensional systems are presented.
The case of dilution of the magnetic atoms with nonmagnetic species is treated in some detail, since experiments on both antiferromagnets and ferrimagnets of this type have been performed. Exact results in the limit of low concentrations of nonmagnetic ions are given. ' More generally, we use computer simulation to calculate the static response functions for these systems at arbitrary concentrations. Results for the exchange stiffness A Bnd the antiferromagnetic perpendicular susceptibility X, are examined for several models. give predictions of the energy of a low-frequency optical mode, which should be experimentally observable in the mixed Yb-Qd garnets.
We have also studied the behavior of the static magnetic response functions near the percolation threshold. " We obtain numerical estimates of the exponents describing the asymptotic behavior of A and X, . U'sing physical arguments based on the existence of a correlation length, we obtain an inequality involving the exponents for X~, A, and the geometrical properties of percolation networks.
Our numerical data are compatible with the assumption that this inequality is in fact an equality.
Briefly In this section we derive relations between the frequencies of low-energy long-wavelength spin waves, and static properties of the system: its magnetization M, exchange stiffness A, susceptibility y, and anisotropy energy E'. The latter quantities prove easier to calculate by numerical methods than the former, and are themselves experimentally accessible. Three cases, ferromagnets, antiferromagnets, and ferrimagnets, are treated.
In the absence of anisotropy, our derivation is a naive zero-temperature version of the finitetemperature hydrodynamic treatment of Halperin 
Consider the effect of small rotations of M from its easy axis, such that M(r ) = m(r )+ M(1 m'/2M')Z, (5) where rn(r} is a small component of the magnetization perpendicular to z, the unit vector in the z direction. Then, to order~', the total energy E is z=P M' J [w~vm. (r) ('+em'. tr)]ur.
By introducing the spatial Fourier transform, m, = e"'m(r }dr, (7) we obtain E=8 3 2 dqm'q Aq'+K (8) where 0 is the volume of the system, and the integral is taken over the first Brillouin zone. From (8) we can identify the effective field h, , acting on m as h, =(8w'/Q)5E/5m(q)=2M '(Aq'+K) I ow-frequency long-wavelength excitations can be derived from the classical expressions for the magnetostatic energy. Consider a ferromagnet with magnetization M(r) =MR(r), where M is constant over macroscopic distances and n is a unit vector parallel to the spin direction at r. If the direction of n is slowly varying, the exchange energy may be expressed, in the coritinuurn approximation, as 'I z. , =z, +a g f~v~. 
where g is a magnetic elastic constant. The equations of motion derived from (23} can be reduced, after discarding higher-order terms in q4 and~q ', to the eigenvalue equation and the spin-wave frequencies are found by setting the determinant of equations (16) equal to zero: The factor (M, M,/$) is a generalization for ferrimagnets of X, . To confirm this interpretation, we calculate the response of the system to applied magnetic fields h."' and h"b, with their relative strengths chosen to exert no net torque on the system: ' ', (20) The total energy in the presence of fields (25) and a uniform response is given by since the perpendicular susceptibility is given by y1'=(Hz+ 2K")/M. In the limit of vanishing anisotropy, the usual linear dispersion relation E/&=-. ' '+ M-,') . (30) We shall also set y, =y2. The generalization of (15) for small periodic fluctuations about the ordered state (22) having wave vector q and transverse am plitudes m' and m' on the a and 5 sublattices, respectively, is
We then find that X, is equal to the ratio of the response to a weighted average of the applied fields. 
S, . = S;.[(I -, ' 8', . )z+ e, . n],
where S'. J"""=-J",J", -=J" for a chain of N spins (N even).
Here we will study the case of free ends, J"=O. 
In (64) (62):
This leads to the result
Thus A -0 as X-I, a,ccording to (56), and also 
diverges, and therefore, that A =0.
It is interesting to consider a model in which each J fluctuates in sign but not in magnitude.
Let P be the concentration of negative J 's. Then
Since y( q) -S'/A( q -Q)' for q -Q, where Q = 0 for a ferromagnet and Q = m/a for an antiferromagnet, this also provides a quick but restricted derivation of (56).
We may apply (62) 
where for the square and cubic lattices:
as ar-0. (82) Only the p-wave part of the t matrix is involved here, since both~g ) and~p ) are odd functions of x, and even functions of y and z. A detailed cal- (79) is the single vacancy t matrix. ' ' y, (k)=2 ' 'sink"a (sq, sc) 
where v is the volume per site, K, =(Sh/2v) =K(c=o), and @=2K, v/2JzS'. For q=o we have
For Nc vacancies with c « I we replace (1 -N ') by 1 -c. Then, to lowest order in c,
Since we know that M(c} = (1 -c}M"comparison of this form with (41) shows that However, when Ep40,
To see 
The dominant contribution to the difference between the static and dynamic results is of order &dc/id~, and results from the frequency dependence of Po: A 'dA/dp D da/dp g~d)(g/dc C d C/dp V', 'dZ', /dp (131) and (20) Fig. 8 
In addition to these purely geometrical properties, we consider the exponents describing the magnetic elastic responses in a dilute lattice for p-p', :
where y, (p) applies to a dilute antiferromagnet.
In Table III 
so that the transverse moment per site, m» i.e. , h, y" is of order I -S(v )'P". 
y, ) S(v.)'/P"Aq'.
We write the total spin as
We obtain an inequality in (134) because the constrained response we have estimated is certainly less than the unconstrained response. Fig. 15(a The local relaxation decreases rapidly with increasing concentration. Figure 16(a) shows the effect of applying the same field to a p=0. 55 sample as was applied in Fig. 15(a) to a more dilute sample. Deviations from the easy axis are less than 10' everywhere. Applying a field h, ", = 0.067H~, as shown in Fig. 16(b) , produces spin deviations comparable tothose shown in Figs. 15(a) and 15(b) .
In the terms of the preceding section [e.g. , (139)], this suggests that L(0.40) is from four to eight times as great as L(0.55). Finally, application of a large field to the sample [ Fig. 16(c) ] produces large local deviations between the two sublattices.
[Using KMnF, parameters, h, ", in Fig. 16(c) Fig. 15 . Thus the ferrimagnetic fluctuations will cause a field-dependent broadening of the observed hyperfine fields. A more direct and easily interpreted measurement is neutron diffraction to measure the static susceptibility at finite wave vector. This is given For dilute YIG we show in Fig. 17 is, Fig. 17 Fig.  21 . ) The behavior of the spectrum at long wavelengths close to such a compensation point is studied in more detail below. These calculations of A(x) for Ga substitution may be compared with available measurements of spinwave resonance at room temperature. " In making this comparison it is important to realize that T, also depends on Fe concentration, and that this is A(x, y)/A(2, 3) = 1 -0. 73x 0.43y+ 0.25xy, (150) and are plotted in Fig. 22 
where A is the zero-temperature stiffness. As we have seen in Table II (156) and (32) is that in the former a term -cuD~, Gq' is included. This term is unimportant in the hydrodynamic regime, but insures that one root of (156) will tend to v"at large q. For small q the acoustic mode obtained from (156) is (u = -Dq~= -Drzoq~(Sq -S )/(Sq S, S ), (15V) and has the correct dependence on total spin given by (13b) and (14), as has been noted previously. "
For S"-S, -S,&0, D is positive and an acoustic spin wave tends to decrease S"-S, . This is the case in YIG or YbIG, shown in Fig. 26 . For S" -S, -S, &0, D is negative and an acoustic spin wave tends to increase S"-S"asoccurs in GdIG (Fig. 26) .
The optical mode at q =0 is given by (156) We also propose study of dilute JYb-Gd)IG to explore the details of this crossover (see Fig. 27} . This equivalence is expected to obtain only in the zero-temperature limit.
We will discuss the dilute ferri-and antiferromagnets by relating their microscopic equations of motion to those of the ferromagnet, and thereby make contact with the analysis of Brenig et g). "
They studied the random system
The dispersion constant D is related to the con- We will work at g = 0 and neglect spin-wave interactions. Then $',. =+S"the sign depending on the sign of $, '. 
The q=0 (i.e. , uniform) eigenvector is found using Dp*""Ap""g, P,
Finally we relate D* to the stiffness (or conductivity) g of the lattice governed by N according to (A6):
&q. IN= &q. l~.
Here &* is the stiffness corresponding to N, i.e. , it is proportional to the conductivity of the network described in {46). A" is also the exchange stiffness for the original system described by (A7). Combining (A29) and (A30) we obtain the desired relation (R~)'Q 2, ". +(K(a)(); -Q ') S;. = P T, , S, '. , . (A37) o(()/D(() =(~'() )/~'(()) (g s (( g );&;())).
(A31) [(h u))'a+A (dp]Icp& = Tl(p&,
where now T is to be evaluated at~= 0. Equation ( Here S, . ' where S, '. (1) denotes the value of S, '. in the Neel state of the pure system and S, '. (p) is the value of S, *. at equilibrium for the dilute system. From the discussion following (A16), it is clear that S',. (p) will only differ from S, '. (1) if there exist clusters coupled to the infinite cluster by competing interactions. Equation (A31) agrees with (13b) and with the hydrodynamic result.
Next we consider the randomly diluted antiferromagnet. We shall study a two-sublattice system with nearest-neighbor exchange interactions between "up" spins on the g sublattice and "down" spins on the b sublattice. We write (A7) for this case as where R is the resistance: R =2&",oj' and S'"and U a.re defined in (66). We define Q, . ", to be zero for n = 1. Finally, to obtain y(i, j) from y(1, j -i+ 1) we suitably shift the site labels. ' = 1+ eI(n, ) .
Proceeding in like fashion we see that n"'"= 1+ &I(n"). n' 1= I2e/(1 -e)] (n' -x')cp(x, 0, 1)dx.
The left-hand side of this equation increases monotonically from 0 to~as n goes from 1 to~, and the right-hand side is a decreasing function of n for n )1. Therefore (C15) yields a unique solution for Q. AS &~1)Q~0. Here we use the notation of ('73ff) The numerical studies of Sec. VII suggest that yi(P) for the infinite cluster increases monotonically as P decreases from unity, and diverges (or, for anisotropic systems, attains a maximum) at P, . In this appendix we shall discuss the extent to which this behavior is a general consequence of dilution.
Intuitively, it is clear that p"should increase as the spins become less tightly connected. However, one can construct unusual situations in which the removal of selected spins will decrease yi for a particular sample. Thus, yi(P) can be a monotonic function of P only after appropriate averaging, or in the limit of an infinite sample.
A weaker form of monotonic behavior can be proved for all samples. Since removing magnetic ions introduces the complication of a change in the number of degrees of freedom of the system, we consider instead a simpler process of dilution, namely one in which individual bonds are removed, i.e. , individual J~, "s are reduced to zero, without changing the number of spins in the cluster. We will now prove that this type of dilution always increases gl. 
